The influence of the bead-bead interaction on the rotational dynamics of macromolecules which are immersed into a solution has been investigated by starting from the microscopic theory of the macromolecular motion, i.e., from a Fokker-Planck equation for the phase-space distribution function. From this equation, we then derived an explicit expression for the configuration-space distribution function of a nonrigid molecule which is immobilized on a surface. This function contains all the information about the interaction among the beads as well as the effects from the surrounding solvent particles and from the surface. For the restricted rotational motion, the dynamics of the macromolecules can now be characterized in terms of a rotational diffusion coefficient as well as a radial distribution functions. Detailed computations for the rotational diffusion coefficient and the distribution functions have been carried out for HOOKEAN, finitely extensible nonlinear elastic, and a DNA type bead-bead interaction.
I. INTRODUCTION
Understanding the dynamical behavior of macromolecules, i.e., translational and rotational motion of macromolecules, or formation and deformation of their shape, remains a central problem for the study of proteins and DNA in solution. During the last years, therefore, a large number of experiments and molecular dynamic simulations have been carried out in order to describe the statical and the dynamical properties of macromolecules. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] For instance, the dynamic light scattering experiments have been carried out in order to describe the translational motion of the macromolecule, which determines the motion of the macromolecule as whole. [1] [2] [3] In order to describe the formation and deformation of the macromolecular shape, i.e., internal configurational changes of macromolecules, the dielectric relaxation as well as fluorescence depolarization techniques have been successfully used. 4 -11 To understand the properties of the macromolecules by means of theoretical methods, they are often treated in terms of a several number of molecular subsystems which are usually referred to as the beads of the macromolecule. When immersed into a solvent, of course the shape and the dynamical behavior of the macromolecules will be determined not only by the interaction of the beads with the surrounding solvent but also by the interaction among their ͑neighboring͒ beads. Various models have been developed in the past for studying the translational motion of macromolecules in solution. [19] [20] [21] [22] [23] Apart from the translational motion of the molecules, their rotational properties have been studied by various authors, including the work of Wang and Pecora 24 on the restricted rotational diffusion of rigid rodlike molecule. This was later extended by Kumar and co-workers as well as by Fujiwara and Nagayama, who explored the restricted rotational diffusion of symmetric top molecules 25, 26 as well as of flexible molecules which were modeled as a set of the beads connected by the rigid rods. 27 Moreover, the rotational behavior of the spherical and rigid-rod molecules in strong electric fields was investigated by Koenderink et al. 28 and Kalmykov and Déjardin, 29, 30 respectively. In addition, the ͑restricted͒ rotational diffusion was investigated also by using Brownian dynamics simulation techniques. 31 For instance, de la Torre and co-workers as well as Peters and Ying considered the rotational properties of dimer-type and trimertype macromolecules. [32] [33] [34] [35] [36] In all these investigations, however, the macromolecules were considered so far as rigid particles without any ''internal'' motion, that is without any changes in the distances between neighbored beads.
In the present paper, we pay attention to the internal dynamics of macromolecules which are immersed in a solution. For this part of the overall dynamics, we analyze the effects of the bead-bead interaction potential as well as the interaction with the particles from solvent. In particular, we will consider the ͑restricted͒ rotational motion of nonrigid macromolecules and derive an expression for the rotational diffusion coefficient of the macromolecules. Apart from the properties of the solvent and its interaction with the molecules, of course, this coefficient is affected also by the beadbead interaction potential. Detailed computations for the rotational diffusion coefficient are carried out for a HOOKEAN, 19, 20 a finitely extensible nonlinear elastic ͑FENE͒ ͑Refs. 17, 18, and 21͒ as well as a ͑so-called͒ DNAtype potential [37] [38] [39] among the beads. All of these potentials have their roots originally in physical chemistry where they have been utilized in molecular dynamic simulations in order to describe the chemical bonds in various types of ͑chemical͒ environments. Results from our theory are then compared with other computations from Doi-Edwards theory which are based, however, on a rigid-rod model of the macromolecules.
The paper is organized as follows: In the following section, we will start from the most basic equation, the FokkerPlanck equation for the time evolution of the phase-space distribution function, in order to deal with a N-bead macromolecule which is immersed in a solution. Since this equation contains the full dynamical information about the macromolecule, it could be used immediately-at least in principle-for describing the molecular motion in the solvent. By assuming, however, that the mass of the macromolecule is ͑much͒ larger than the mass of the solvent particles, it is more convenient to reduce this Fokker-Planck equation to a ͑noninertial͒ diffusion equation ͑DE͒ which, in turn, describes the time evolution of the coordinate-space distribution function of the N-bead macromolecule. For this diffusion equations, a remarkable feature is that the generalized diffusion tensor, which accounts for the effects of the solvent on the dynamical behavior of the macromolecule, now depends explicitly on its end-to-end vector. In Sec. II B, therefore, we make use of the diffusion equation to analyze first the internal dynamics of just a two-bead dumbbell molecule in some detail. For such a dumbbell, an expression for the diffusion tensor is then obtained in terms of the ͑self-͒ diffusion tensors of the two beads as well as the tensor which arises from their hydrodynamic interaction. In this subsections, in addition, we also discuss a few further properties of a dumbbell such as its anisotropic diffusion in the case of nonspherical beads, or the proper choice of a single anisotropy parameter for describing the mobility of the macromolecule in the solution. In Sec. III, later, we will investigate the rotational motion of a dumbbell molecule which is immobilized on a surface. A general expression for the configuration-space distribution function of the macromolecule is derived and discussed, which can be calculated for any given bead-solvent and/or bead-surface potential, respectively. However, in order to obtain some deeper insight in how the interaction among the beads will influence the rotational motion of the macromolecule, a particular choice has to be made for the bead-bead potential. Therefore, detailed computations for the rotational diffusion coefficient of the macromolecules have been carried out in Sec. III B for the linear HOOKEAN potential, the nonlinear FENE as well as for a DNA-like bead-bead potential and are compared with calculations from Doi-Edwards theory. [19] [20] [21] 32, 40 Finally, a few conclusions are given in Sec. IV.
II. BASIC MODEL EQUATIONS

A. General diffusion equation for a N-bead macromolecule
In the microscopic theory, the dynamical behavior of a N-bead macromolecule in solution is described most generally in terms of a Fokker-Planck equation ͑FPE͒ for the time evolution of its phase-space distribution function N (⌫;t) ͑Refs. 19, 22, and 41͒ ‫ץ‬ N ͑ ⌫;t ͒ ‫ץ‬t ϭL N ͑ ⌫;t ͒. ͑1͒
In this equation, the Fokker-Planck operator L has the form
if we assume an equal mass M and a pairwise interaction U(͉R a ϪR b ͉) for all the N beads of the molecule. Here, as usual, R a , R b ,... and P a , P b ,... (a,bϭ1,...,N) are taken to denote the positions or, respectively, the momenta of the individual beads, while ⌫ϵ͕R 1 ,...,R N ;P 1 ,...,P N ͖ will be used below as an abbreviation to describe the phase-space coordinates alltogether. For each pair (a,b) of beads, moreover, there is a friction tensor (ab) which characterizes the ͑thermodynamical averaged͒ interaction of these two beads with the surrounding particles from the solvent. In Eq. ͑2͒, moreover, k B is the Boltzmann constant and T the temperature of the overall system ''macromoleculeϩsolvent.''
The FPE ͑1͒ enables one to describe in fact all the dynamical properties of a N-bead molecule which is immersed in the solvent. In practise, however, it appears rather unfeasible to deal with the coordinates and the momenta of all the beads simultaneously. Since the molecular beads usually have a much larger mass and size than the particles from the solvent, we may use instead a very good approximation for the momentum distribution in order to simplify the FPE ͑1͒ to a diffusion equation which just depends on the coordinates of the beads. For most solutions, namely, we may assume that the relaxation to the equilibrium ͑values͒ happens much faster for the momenta of the molecular beads rather than for their positions and, hence, that the phase-space distribution function N (⌫;t) can be factorized
into a coordinate-space distribution N (͕R a ͖;t) and the momentum-space distribution function p N;eq (͕P a ͖), taken at the equilibrium. Owing to the factorization ͑3͒, moreover, both the distribution functions N and p N;eq should be normalized independently to one as, for instance, by
͑4͒
With the Eqs. ͑1͒-͑3͒ in mind and by using the techniques of projection operators, now an equation of motion can be derived for the coordinate-space distribution function 22, 42 ‫ץ‬ N ͕͑R a ͖;t͒ ‫ץ‬t 
B. Rotational diffusion equation for the dumbbell-type molecule
Since, in the following, we are interested only in the dynamics of the dumbbell molecule, let us first separate from each other the center-of-mass ͑c.m.͒ and the internal ͑Q͒ motion ͑cf. Fig. 1͒ . Instead of the Cartesian coordinates R a , a ϭ1, 2 of the two beads, we then make better use of the center-of-mass and the relative coordinates, 
which is called below the diffusion equation for the internal motion of the dumbbell. In Eq. ͑11͒, moreover, the vector F(Q)ϭϪ‫ץ‬U/‫ץ‬Q denotes the force, which acts on the beads of the dumbbell, and D (Q) (Q) is the generalized diffusion tensor for the relative ͑internal͒ motion of the two beads. For a dumbbell molecule, this latter tensor can be written as
i.e., in terms of the diffusion tensors of the individual beads D (aa) (aϭ1,2) and the tensors D (ab) (a b) which describe the hydrodynamic interaction among them.
The generalized diffusion tensor ͑12͒ contains all the information about the influence of the solvent on the internal motion of the dumbbell molecule. In the following, therefore, let us analyze this tensor in more detail and discuss how it can be parametrized in terms of just a single parameter.
Properties of the diffusion tensor for the internal motion of the dumbbell
As seen from Eq. ͑12͒, the generalized diffusion tensor for the internal motion of a dumbbell molecule depends first of all on the diffusion tensors of the individual beads which, in turn, may depend on their particular shape. For a spherical bead, for instance, the influence of the solvent should not depend on the direction in which it moves [19] [20] [21] and, therefore, the diffusion tensor is expected to be a function of just a single parameter,
which is called the self-diffusion coefficient of the bead. For a nonspherical bead, in contrast, such as a spheroid, rod, ellipsoid, or some other shape, its motion in the solvent will be quite different for different directions. In the most general case, the moments of inertia are different for all of the three principal axes of the macromolecule and, hence, three parameters might be needed to characterize the diffusion tensor for a nonspherical bead completely. 19, 40 If the moments of inertia are equal for any two of the principal axes, we may use the parameters D ʈ and D Ќ in order to describe the mobility of the bead along its symmetry axis or, respectively, along any other direction which is perpendicular to it. For such a ͑nonspherical͒ symmetry top, then, the anisotropic diffusion tensor becomes [42] [43] [44] [45] [46] [47] FIG. 1. Model of the nonrigid dumbbell molecule. For each bead of the macromolecule, the anisotropic diffusion tensor ͑14͒ can generally be described in terms of two parameters D ʈ for the diffusion along the end-to-end vector Q and D Ќ for the diffusion in its perpendicular plane.
where u a is the unit vector in parallel to the main symmetry axis of the bead. In addition, here we use the operation to denote a tensor ͑dyadic͒ product which turns two vectors into a second-rank tensor. Since, for ͑almost͒ spherical beads, we may assume D ʈ ӍD Ќ ϵD, we find-as expected-that the diffusion tensor of a spherical bead ͑13͒ appears just a particular case of the anisotropic diffusion tensor ͑14͒. Apart from the tensors of the two individual beads, however, the generalized diffusion tensor ͑12͒ of the internal motion of the dumbbell still depends on the hydrodynamic interaction as described by the diffusion tensors D (ab) , a b, a,bϭ1,2. There are various explicit tensor expressions known from the literature which describe the hydrodynamic interaction of the beads.
22,31,48 -52 All of them can be represented in the form,
where D h;1 (Q) and D h;2 (Q) are two functions which depend purely on the bead-bead distance Q. These functions contain all the information about the solvent in which the macromolecule is immersed ͑for instance, about its viscosity or the bead-solvent interaction potential͒. In the second term of Eq. ͑15͒, the vector qϭQ/͉Q͉ denotes the normalized endto-end vector Q which points from bead 2 to bead 1. If, moreover, one of the principal axes of the two beads is parallel to q, i.e., u a ʈ q (aϭ1,2), then, the diffusion tensor ͑12͒ of the internal motion of the dumbbell becomes
where the function D ʈ (Q) (Q) is introduced to describe the mobility of the dumbbell along the direction q,
Similarly, in this case, the function D Ќ (Q) (Q) is used to characterize the mobility of the dumbbell along any direction perpendicular to q,
As seen from Eqs. ͑16͒-͑18͒, the diffusion of a macromolecule has always an anisotropic nature, a well-known feature which was considered before in Refs. 42-47 by introducing an anisotropy parameter ⌳р1 which is generally a function of the distance Q of the two beads,
owing to the hydrodynamic interaction.
To deal with the hydrodynamic interaction in the case of two spherical-symmetric beads with radius and a selfdiffusion coefficient D, two approximations are often used. In the first one, which was formulated originally by Oseen and later modified by Burger, 31, 50, 51 it is assumed that the radius of the beads is much smaller than their distance Q,
i.e., the Oseen tensor is valid only for Qӷ. A second and more general approximation for the hydrodynamic interaction ͑tensor͒ was given by Rotne and Prager 48 and by Yamakawa 49 for beads of equal size,
and can be applied for any bead-bead distance Q. For a first comparison of these approximations, Fig. 2 displays the anisotropy parameter ⌳ (Q) (Q) as a function of the distance Q of the beads which, for the sake of simplicity, is taken in terms of their radius . As seen from this figure-and, in fact, if a hydrodynamic interaction is at all assumed for the dumbbell-the anisotropic parameter ⌳ (Q) (Q) is always positive and less than 1. We can interpret this behavior of ⌳ (Q) (Q) in the way that the dumbbell can rotate more easily than it would move along its axis q, in particular, for rather small distances of the two beads. Only when the bead-bead distance becomes larger than, say, 8 ͑i.e., in the case of the so-called extended macromolecule͒, we may neglect the hydrodynamic interaction among the beads. In this latter case, we have ⌳ (Q) (Q)ϭ1, the same value as for an ͑equilibrium͒ isotropic Brownian motion of each spherical bead of the dumbbell.
Let us now return to the diffusion equation ͑11͒ for the internal motion of the dumbbell which describes the time evolution of the configuration-space distribution function (Q;t). This equation still depends-via the force F͑Q͒-on the interaction potential U B (Q) among the beads as well as, if appropriate, on the interaction with some external field U ext (Q). We shall return later to the influence of these potentials on the motion of the dumbbell and shall discuss their properties in more detail. For the moment, we just mention that the full interaction UϭU B (Q)ϩU ext (Q) depends on the end-to-end vector Q, but does not depend explicitly on the time t or the momenta of the individual beads. In the following subsection, we make use of Eq. ͑11͒ to describe the ͑restricted͒ rotational motion of the dumbbell which is immobilized on a surface. For such a molecule, the rotation of the ''free end'' does influence not only the dielectrical relaxation 17, 18, 29, 30 of the molecule but may cause also a depolarization of the fluorescence light. 
General diffusion equation for a dumbbell molecule in polar coordinates
To describe the restricted rotational motion of a dumbbell macromolecule, it is convenient to use polar coordinates. In the following, therefore, we take the second bead ͑with index 2͒, which is sticked to the surface, as the origin O of the coordinates and use and to denote the azimuth and polar angles of the end-to-end vector Q. Then, as usual, the differential operator ‫‪Q‬ץ/ץ‬ is given by 55 
‫ץ‬
where qϵe Q is ͑still͒ the unit vector along the internal coordinate Q, while e and e are the unit vectors of the corresponding angles. In order to rewrite the diffusion equation ͑11͒ in terms of the polar coordinates, moreover, we make use of two known properties of the dyadic product of the unit vector q, 56 namely,
By using the expressions ͑22͒-͑24͒ and inserting the diffusion tensor ͑16͒ for the internal motion of the dumbbell, the diffusion equation ͑11͒ now becomes
where ⌬ denotes the Laplacian in a coordinate-free notation. 55 This equation is the basic result of this section, and we will refer to it below as the internal diffusion equation for the ͑internal͒ motion of a dumbbell molecule which is immersed in a solvent. Like in the general case ͑11͒, the diffusion equation ͑25͒ describes the time evolution of the configuration-space distribution function of the dumbbell with an anisotropic diffusion tensor. While, however, Eq. ͑11͒ is described in terms of the end-to-end vector Q and the force F͑Q͒ onto the dumbbell, the internal diffusion equation ͑25͒ only depends on the bead-bead distance Q but not on the polar angles and of the vector Q. The use of polar coordinates, therefore, makes Eq. ͑25͒ much more convenient in order to describe the rotational motion of a nonrigid dumbbell molecule. In the following section, we will utilize the internal diffusion equation ͑25͒ to derive expressions for the configuration-space distribution ͑function͒ of the dumbbell as well as the rotational diffusion coefficient. In the past, this coefficient has played a key role in studying the rotational properties of macromolecules since it does determine not only their relaxation time to return back from a nonequilibrium into the equilibrium state 28 -30,57 but also provides information about fluorescence anisotropy decay due to rotational diffusion of the macromolecule. [5] [6] [7] [8] 53, 54 
III. INFLUENCE OF THE BEAD-BEAD POTENTIAL ON THE RESTRICTED MOTION OF NONRIGID MACROMOLECULES
During the last decades, the rotational motion of macromolecules has often been studied within a ͑so-called͒ rigidrod model. 19,24 -27,29,30,53,54,57-59 In this model, the macromolecule is taken usually as a set of spherical beads of mass M which are connected to each other by rigid rods of length L in order to form a chain. Various correlation functions have been calculated within this model to describe, for instance, the reorientation of macromolecules in solution. Since for rigid rods, however, the distance between any two neighbored beads is fixed from the very beginning, this model cannot be used ͑of course͒ to analyze the dynamical behavior of nonrigid macromolecule for which the distance between the beads may depend on time. To better understand the rotational motion of such macromolecules, therefore, we consider a nonrigid dumbbell molecule with spherical beads and with one of them ͑bead no. 2͒ attached to a surface. In fact, this is perhaps the simplest model for a nonrigid macromolecule which is immobilized on a surface. The two models of the nonrigid and the rigid-rod dumbbell molecule, both immobilized on some surface, are shown in Fig. 3 .
A. Configuration-space distribution function of the nonrigid macromolecule
As mentioned before, the isotropic diffusion tensor ͑13͒ is appropriate to describe an ''extended dumbbell'' for which the bead-bead separation is much larger than the radii of the beads. In this case, the internal diffusion equation ͑25͒ can be further simplified to
where ⌬ denotes again the Laplacian and D is the selfdiffusion coefficient of the ''free'' beads of the dumbbell. Since, of course, any solution to this equation will depend on the interaction U(Q)ϭU(Q,,) among the beads, we shall first consider the bead-bead potential in some more detail before we continue our discussion of to which we will refer below as the configuration-space distribution function of the dumbbell molecule. Note that any potential U ϭU(Q), which does not depend explicitly on time (‫ץ‬U/‫ץ‬t ϭ0), gives rise to a stationary solution of the internal diffusion equation ͑26͒ or, in other words, U(Q) determines the solution of Eq. ͑26͒ completely whenever t→ϱ. Moreover, such a stationary solution must correspond to an equilibrium configuration distribution function of the macromolecule eq (Q) and, therefore, must reflect its configuration properties at the equilibrium state,
There is a further simplification possible if, instead of the equilibrium distribution function ͑27͒, we make use of the radial ͑equilibrium͒ configuration distribution of the macromolecule, ⌿ eq (Q). This radial distribution function only depends on the bead-bead distance Q and describes the equilibrium distance between the two beads of the dumbbell. In general, of course, the full interaction U(Q) may contain both, the bead-bead potential U B (Q) as well as some external potential U ext (Q) which, for a immobilized macromolecule on some surface ͑cf. Fig. 3͒ is given by the interaction of the ''upper'' bead of the dumbbell with the surface. Below, we use the symbol U BS to denote this external beadsurface interaction. In this paper, the aim is to consider the rotational motion of a nonrigid macromolecule as function of the solid angle ⍀ϭ͑,͒ and if the polar angle is restricted by some upper bound, р 0 р/2. In the literature, such a restricted rotational motion is sometimes called also the diffusion-in-a-cone. To model this restricted rotation, we assume that ͑i͒ the bead-bead interaction only depends on the distance Q of the two beads-but not on the angles and -and that, for a sufficiently small angle 0 , ͑ii͒ due to the symmetry of the system ''dumbbellϩsurface'' ͑cf. Fig. 3͒ , the bead-surface interaction is supposed to be a function of only the polar angle , i.e., U BS ϭU BS (). With these two assumptions in mind, we may write the bead-surface potential for the diffusion-in-a-cone model as
Using, moreover, the explicit form ͑43͒ of the bead-surface potential, we are able to rewrite the boundary conditions for the angles and of the molecular motions as 0рр 0 , 0рр2. ͑29͒
In addition, we assume some boundary condition also for the separation of the two beads 0рQрQ 0 , ͑30͒
where Q 0 is taken as the maximal distance beyond which the beads of the dumbbell cannot be stretched. In practice, of course, this maximum is finally determined always by the bead-bead interaction potential U B itself. Since the configuration-space distribution function (Q,,;t) is taken as a continuous functions, and especially when it comes close to the boundaries ͑29͒ and ͑30͒, it must satisfy for the polar angle the reflection ͑or von Neumann͒ condition,
and for the azimuthal angle the periodic boundary condition, ͑Q,,ϭ0;t͒ϭ͑Q,,ϭ2;t͒. ͑32͒
For the bead-bead distance Q, moreover, the distribution function (Q,,;t) must satisfy the boundary condition, ‫͑ץ‬Q,,;t ͒ ‫ץ‬Q ͯ QϭQ 0
ϭ0. ͑33͒
Using these three boundary conditions ͑31͒-͑33͒, we are able then to derive the internal diffusion equation ͑26͒ for the configuration distribution function ϭ(Q,,;t) of a nonrigid dumbbell molecule. Inserting the Laplacian in polar coordinates, FIG. 3 . Two models of the macromolecule immobilized on a surface: ͑a͒ the nonrigid dumbbell and ͑b͒ the rigid-rod model.
into Eq. ͑26͒, this diffusion equation becomes
where, if we make use of the new variable ϭcos , polar diffusion operator takes the form,
while the radial diffusion operator R (Q) is given by
Solutions for the diffusion equation ͑35͒ can be obtained by a separation of the variables. If we simply try for the phasespace distribution function (Q,,;t) the separation ansatz
͑Q,,;t͒ϭ⌿͑Q͒⍜͑⌽͑͒T͑t͒, ͑38͒
and the internal diffusion equation ͑35͒ split into four ordinary differential equations, one for each of the variables
where the operators Ô () and R (Q) are taken from Eqs. ͑36͒ and ͑37͒, respectively, and where m, , and are the corresponding separation constants. We shall return later to these constants and discuss their properties in more detail. For the moment, we just mention that these constants are closely related to the boundary conditions ͑31͒-͑33͒ which restrict the internal motion of the dumbbell. The four Eqs. ͑39͒-͑42͒ above fully describe the behavior of the configuration-space distribution function (Q,,;t) of the dumbbell molecule if immobilized on the surface. These equations, derived in this work, make it possible to obtain the configuration-space distribution function (Q,,;t) of the dumbbell molecule in the presence of both, the beadbead U B and bead-solvent U BS interaction. While the first Eq. ͑39͒ determines the ͑trivial͒ time evolution of the distribution function (Q,,;t), the second and third one ͑40͒-͑44͒ are the two ''angular equations'' which only depend on the orientation of the molecule, i.e., the direction of the endto-end vector Q. In addition to these angular equations, we have to consider also the radial Eq. ͑42͒ which describe the behavior of the configuration-space distribution function (Q,,;t) as function of the distance of the two beads.
Having obtained the Eqs. ͑39͒-͑42͒ for a dumbbell molecule, we see that the orientational dynamics of such molecules is entirely determined by the bead-solvent interaction potential U BS (). To obtain further insight into the behavior of the molecules, let us now consider the particular case for the bead-solvent interaction potential as given by
In the literature, such a interaction potential is sometimes called also the ''pure'' cone potential. From a physical viewpoint, of course, this potential can be used only by assuming that the bead-surface interaction is negligible when compared with the bead-bead interaction, ͉U B ͉ӷ͉U BS ͉ and, therefore, the total interaction potential UϷU B (Q) is just determined by the bead-bead interaction for all the polar angles р 0 under consideration. With this assumption in mind and by using the cone bead-solvent potential ͑43͒, the orientational equation ͑41͒ can be simplified considerably and now becomes
2 ͬ ⍜͑ ͒ϭ0.
͑44͒
The configuration-space distribution function (Q,,;t) of the molecule, as mentioned before ͓cf. Eq. ͑38͔͒, can be obtained from the solution of the ͑set of͒ the Eqs. ͑39͒, ͑40͒, ͑42͒, and ͑44͒. Here, we need not to go into further details concerning the solution of the Eqs. ͑39͒, ͑40͒, ͑42͒, and ͑44͒ from above. Instead, we may display the general solution of the configuration-space distribution,
in terms of the radial distribution functions ⌿ m n , n m( Q) which must obey Eq. ͑42͒ for any given set of separation constants and . The functions P n m m () in Eq. ͑45͒ are called the associated Legendre function of degree n m and order m and are well known as solutions of the angular equation ͑44͒.
As said before, the separation constants must be obtained from the three boundary conditions ͑31͒-͑33͒. Since the azimuthal angle is not restricted in the rotational motion of the dumbbell, the configuration-space distribution should have a period of 2 and, hence, the constant m must be an integer. In order to find also the values of n m , i.e., the sequence of 's which satisfy the boundary conditions for a given value of m, we may utilize the condition ͑31͒ for the polar angle in terms of the variable 0 ϭcos 0 ,
and by using the ordering 1 m Ͻ 2 m Ͻ 3 m¯. Equation ͑46͒ determines the number and the values of the separation constants completely for any given m. Note that, in contrast to a free ͑i.e., nonrestricted͒ diffusion of the dumbbell, these constants are in general no longer integers and that, for any fixed m and n, they are functions of the angle 0 . Such type equations ͓such as Eq. ͑46͔͒ are often obtained in the topic of the restriction rotational diffusion ͓cf. Eq. ͑6͒ in Ref. 24 or Eq. ͑38͒ in Ref. 25͔. The general difference between Eq. ͑46͒ and mentioned above equations is that Eq. ͑46͒ is just only the particular case of the choice of both the boundary condition ͑31͒ as well as the bead-surface interaction potential ͑43͒. Unfortunately, however, the roots of the Eq. ͑46͒ cannot be obtained analytically but have to be determined numerically. In Table I , therefore, we display these roots n m (m ϭ0, 1, and 2͒ for a few values of n and for several maximal angles 0 which may restrict the rotational diffusion of the molecules. These roots are numerically derived by following the method of the solution of such type equations which is described in Ref. 24 in detail. As seen from Table I , the value of the roots n m increases when the maximal angle 0 decreases, i.e., when the cone for the rotational motion of the molecule becomes smaller. A more detailed discussion about these roots and the properties of the associated Legendre function with a noninteger degree can be found in Refs. 24 -27 . From this discussion, here we only summarize those properties as needed in the following calculations. As known from the hydrogen atom, for instance, the roots n m are symmetric with respect to a sign change of the order m, n m ϭ n Ϫm . ͑47͒
In addition, the associated Legendre function obey the symmetry,
even if n m has a noninteger value. In the general form ͑45͒ of the configuration-space distribution (Q,,;t), moreover, there arise the coefficients A n m and B n m which have to be derived from the initial condition ͑Q;0͒ϭ␦͓QϪQ͑0͔͒ as well as normalization condition ͑10͒ and which are given by 24 where ͑0͒ϭcos ͑0͒ and ͑0͒ is the polar and azimuthal angle at the initial time t in ϭ0, respectively, and
A
In Eqs. ͑49͒ and ͑50͒, furthermore, H n m denotes a normalization factor which follows from the known orthogonality properties of the associated Legendre functions 24,27
͑52͒
and with when may take the full range of the polar angle, i.e., 0 рр 0 ϭ/2. Therefore, the generalized spherical harmonics ͑54͒ will always approach to the standard spherical harmonics where both, the degree and order are proper integers. 55 Using the generalized spherical harmonics ͑54͒, we can now rewrite the configuration-space distribution function ͑45͒ for the nonrigid macromolecule in the form, Apart from the two separation constants m and n m , we have to determine of course also the constants n m before we may use the configuration-space distribution function ͑56͒ for analyzing the time evolution of the macromolecule. Similar as above for the constants m and the , the separation constants n m should be obtained from the corresponding boundary conditions ͑30͒ and ͑33͒ which restrict the distance between the two beads of the dumbbell. To find these constants, we first introduce the radial equilibrium distribution function ⌿ eq (Q) as the integral about the configuration-space equilibrium function of the macromolecule, eq (Q,,), taken over the polar angles and ,
Obviously, this radial function only depends on Q and just describes the distribution of the bead-bead distance within the equilibrium. Inserting the function ͑57͒ into the radial diffusion equation ͑35͒ and by carrying out the integration over Q, we find that this radial equilibrium function must, for any given bead-bead potential U B (Q), obey ͑i͒ the condition
and that it ͑ii͒ fulfills the equation,
Since, however,
is just the average of the function 1/Q 2 at the equilibrium, Eq. ͑59͒ simplifies to
where Lϭͱ͗1/Q 2 ͘ eq is the inverse ͑parameter͒ of the equilibrium distance Q of the two beads. We may now combine the general form of the configuration-space distribution function ͑56͒ with the expression ͑61͒ for the constant to finally obtain the internal configuration-space distribution function (Q,,;t) of the nonrigid dumbbell.
͑Q,,;t͒ϭ ͚
where
is the diffusion coefficient for the rotational motion or, for short, the rotational diffusion coefficient of the dumbbell. The expression for the rotation coefficient of the nonrigid dumbbell is one of the important result of this section. As seen from the Eq. ͑63͒, the rotational coefficient containsvia the self-diffusion coefficient D of each bead and the bead-bead potential U B -all the information about the influence of the solvent as well as influence of the bead-bead interaction on the rotational motion of the macromolecule. Therefore, a detailed knowledge about the rotational coefficient and the radial distribution function ⌿ n m , n m( Q) are the keys for studying the configurational and relaxation properties of the rotational motion of macromolecules in solution. In the following section, therefore, we will consider a few of these properties of the rotational diffusion coefficient and the radial distribution function in detail.
B. Bead-bead interaction potentials
Having derived the internal diffusion equation ͑35͒ for a dumbbell molecule, we see that the dynamics of such molecules is determined entirely by the interaction potential U B (Q) among the beads. To obtain further insight into the behavior of the molecules, let us now consider three particular cases for the bead-bead interaction. In all the following, however, we will restrict our considerations to a ͑two-bead͒ dumbbell molecule. A generalization of these results to more complex macromolecules (NϾ2) and other chain structure is presently under work and will be presented elsewhere.
As mentioned before, most of the commonly applied bead-bead potentials have their origin in the field of physical chemistry where they were constructed in order to simulate the chemical bonds in different ͑chemical͒ environments. In the following, we will consider ͑i͒ a HOOKEAN potential 19, 20 
͑ii͒ a finitely extensible nonlinear elastic ͑FENE͒ potential 17, 18, 21 
as well as ͑iii͒ a DNA-type bead-bead potential [37] [38] [39] 
In all these potentials, the constant k..., which is known also as the ''spring'' constant, determines the strength of the interaction. In the FENE and DNA potentials, moreover, we use Q 0 as the maximal lengths beyond which the beads of the dumbbell cannot be stretched out. Figure 4 displays these given choices of the bead-bead interaction potential as functions of distance Q. While the HOOKEAN ͑H͒ potential has been found useful for treating small perturbations in the internal dynamics of the macromolecules from the equilibrium, the more realistic FENE and DNA potentials have been frequently applied in molecular dynamic ͑MD͒ simula-tions [12] [13] [14] [15] [16] [17] [18] 60, 61 in order to calculate the dynamical properties of nonrigid macromolecules in a solvent. Let us note that the DNA bead-bead interaction potential ͑66͒ was first applied in Ref. 60 in the analysis of the measurements 61 which presents the ''extension'' of individual DNA molecules when some force is applied to the free end of the DNA.
Using the expression ͑63͒, we may compute the rotational diffusion coefficient D R of the macromolecule for any of the bead-bead interaction potentials ͑64͒-͑66͒. This has been carried out in Fig. 5 , for instance, where the ͑relative͒ rotational diffusion coefficient is shown as function of the bead-bead distance, given in terms of the dimensionless length Q 0 /. As seen from this figure, a quite different behavior of the rotational diffusion coefficient arises for the different interaction potentials and, in particular, if the maximal distance of the beads is, say, Q 0 р6. For a large maximal separation Q 0 , in contrast, the diffusion coefficient approaches either to D R Ϸ2D for the HOOKEAN and FENE potential, while it goes smoothly to zero for the DNA potential similarly as for a rigid-rod model of the macromolecule. 4 Apart from the rotational diffusion coefficient D R of the dumbbell, we may also evaluate and compare the radial distribution function ⌿ n m( Q). To this end, we have to solve Eq. ͑42͒ for the different choices of the bead-bead interaction potential. As seen from Eqs. ͑37͒ and ͑42͒, the radial distribution functions does not only depend on the distance of the beads but, of course, parametrically also on the bead-bead potential U B as well as the ͑maximal͒ polar angle 0 of the cone. For the HOOKEAN potential ͑64͒, the configurationspace distribution function can still be obtained in analytical form,
where Z n m ϭ͐ dQQ 2 ⌿ n m( Q) denotes the proper normalization integral due to normalization condition ͑10͒ and M (,,z) denotes the Whittaker function in the variable z and where the three arguments of this function are given by
The Whittaker function M (¯) can be expressed also in terms of the hypergeometric function F(x 1 ,x 2 ,z) Ref. 56 by
which has been used in the computations below. may observe that-apart from the distribution function ⌿ 1 0 in Fig. 6 , which is just the equilibrium distribution function and, hence, is independent of the 0 -the radial distribution functions ⌿ n m 0 are very sensitive to the value of the 0 , i.e., to the angle of the cone. As seen from Figs. 7 and 8, moreover, the structure of the distribution functions becomes less for, say, 70°Ͻ 0 р90°, where these functions smoothly approaches the radial distribution of a unrestricted ͑or ''free''͒ rotational motion. In contrast to the HOOKEAN potential, however, no analytical solution for the radial diffusion equation ͑42͒ could be obtained for neither the FENEtype nor the DNA-type bead-bead interaction potential. For these potentials, Eq. ͑42͒ has to be solved numerically. Although we have carried out these computations, we will delay their further discussion to some later time and only mention for the moment, that the radial distribution function appears very sensitive to the angle 0 also for these two choices of the interaction. In contrast to the HOOKEAN potential, however, the radial functions approaches much faster to the corresponding distribution for an unrestricted rotational motion which is obtained at Ϸ50°for the FENE and already at Ϸ35°for a DNA bead-bead potential.
IV. CONCLUSION
The influence of the bead-bead interaction on the dynamics of macromolecules, which are immersed into a solution, has been investigated by starting from a Fokker-Planck equation for the phase-space distribution function. Within such a model, the macromolecules is taken as a chain of beads which are coupled to each other by some pairwise potential and surrounded by ͑a large number of͒ solvent particles. From the Fokker-Planck equation of the overall system ''macromoleculeϩsolvent,'' we then derived an internal diffusion equation for the time evolution of the configuration-space distribution function of the ͑two-beads͒ dumbbell macromolecule. There are three realistic assumptions which have been made in our derivation: Since ͑i͒ the mass of the each bead of the macromolecule is considered to be larger when compared to the mass of the solvent particles, we may assume ͑ii͒ that the momenta of the beads relax much faster to their equilibrium values than the coordinates. For this reason, ͑iii͒ the dynamics of the solvent can be well described in terms of a diffusion equation or, equivalently, in terms of the ''diffusion tensors'' which occur on the r.h.s. of the diffusion equation for the internal coordinates. These three assumptions are made very frequently in studying the behavior of macromolecules in solutions. [19] [20] [21] [22] [23] For the three basic assumptions from above, the diffusion tensor contains all the information about the internal motion of the molecules. Apart from the diffusion tensors of the individual beads, of course, this tensor also contains the hydrodynamic interaction among the various beads of the macromolecule. To explore the effects of this hydrodynamic interaction, we derived and analyzed an expression for the anisotropy parameter for the Oseen and Rotne-Prager hydrodynamic diffusion tensors. The results of our computations clearly show the anisotropic nature of the diffusion tensor and, in particular, at small distances of the molecular beads. To further analyze the behavior of macromolecules in solution, this behavior of the diffusion tensor has to be compared nonhydrodynamical limit of diffusion theory in which the hydrodynamical tensor is set to zero.
To further understand the effects of the bead-bead interaction on the rotational motion of macromolecules, which are sticked to some surface, we have studied a few realistic bead-bead interaction potentials for a dumbbell molecule including a HOOKEAN, FENE, and DNA type potential; the generalization of this work to larger macromolecules will be considered in the future. For the given three interaction potentials, the behavior of the rotational diffusion coefficient has been calculated in detail; these computations reveal that the rotational diffusion coefficient depend on the maximal separation of the beads as possible for a given potential. For the HOOKEAN potential, moreover, an analytic expression was derived for the radial distribution function.
From our analysis of the rotational diffusion coefficient and the radial distribution functions of the macromolecule, a clear dependence of the rotational motion is found also for the bead-bead interaction potential and for the maximal value of the polar angle 0 , i.e., for the case of a rotational diffusion in a cone. Of course, this dependence has to be compared with that from the rigid-rod macromolecular theory. The use of diffusion ͑type͒ equations in the description of the rotational dynamics may therefore help combine different physical models concerning the behavior of the macromolecules in the solution.
The results from this work might useful also to interprets dielectric relaxation, the correlation spectroscopy and NMR relaxation experiments which are carried out on the diffusion coefficients and the cone restricted angles for biological molecules ͑such as DNA͒. 4 -11 Moreover, the theory is applicable, at least in principle, for analyzing the role of the beadsurface interaction for the rotational behavior of immobilized macromolecules.
In addition, we are presently also continue this work to better understand the rotational dynamics of N-bead chains or other macromolecular structures.
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